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Semicrosses and Quadratic Forms 
SAMIRA SA1DI 
In a series of papers, Galovich, Hamaker, Hickerson, Stein and STab6 investigated the tiling 
and packing of euclidean -space by translates of certain star bodies, the semicross and the 
cross. If the translating vectors have integer co-ordinates and form a lattice, they reduced the 
geometric questions to splittings of finite abelian groups by the set {1, 2 . . . . .  k} or {:t:1, 
+2 . . . . .  +k}. In this reduction groups of prime orders play a pivotal role. We will use the 
representation f primes by quadratic forms to construct such splittings. 
1. INTRODUCTION 
Let k and n be positive integers. A (k, n)-semicross i any translate of the kn + 1 unit 
n-dimensional cubes the edges of which are parallel to the co-ordinate axes and the 
centers of which are the kn +1 points (0 ,0 , . . . ,0 ) ,  (],0 . . . . .  0), (0 ,0 , . . . , ] ) ;  
] = 1, 2 , . . . ,  k. The corner of a (k, n)-semicross i the translate of (0, 0 , . . . ,  0). 
A family of (k, n)-semicrosses the interiors of which are disjoint and the union of 
which is n-space is called a tiling of n-space. If we demand that the translation vectors 
have integer co-ordinates and form a group, we have an integer lattice tiling. 
THEOREM 1.1. There is an integer lattice tiling of n-space by the (k, n)-semicross iff 
there is an abelian group G of order kn + 1 that contains n elements, gl, g2 . . . . .  go such 
that G - {0} = {igj: 1 <<- i <<- k, 1 ~ j ~ n}. 
When such a group G exists we say that {1, 2 , . . . ,  k} splits G by the splitting set 
{gl, g2 . . . . .  go} (see [5-7]). In case (k!, IG[) = 1, {1, 2 . . . . .  k} splits G iff it splits C(p), 
the cyclic group of order p, for each prime divisor of IGI (see [8]). 
In [8], Stein used Newton sums to obtain necessary conditions for such a splitting. 
We will use quadratic forms to investigate these splittings in the case k = 3. 
2. PRELIMINARIES 
We first make a few definitions. 
DEFINITIONS.. If p is a prime and g a primitive root mod p, then, for any integer x, its 
index with respect to g is by definition the unique integer i ndg(x) (mod(p-  1)) 
satisfying iod,(x) _ X (mod p). 
Suppose that p = 1 + kn is a prime, and that the numbers indgi, i ~ [1, k] are 
incongruent (mod k). Then {1, 2 . . . .  , k} splits C(p) with splitting set the multiplicative 
subgroup of C(p) of order n. (In this case the numbers 1, 2 . . . . .  k are representatives 
of the k cosets of the subgroup of order n). 
For p = 1 + kn, an odd prime and a an integer, the kth residue character of a 
(modp), denoted (alp)k, is defined by: 
(a/p)k -- a (p-1)lk (modp), -p /2  < (a/p)k <piE. 
Also, an integer a satisfying ot k --1 .(modp) is called an integral kth root of unity 
(modp). 
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THEOREM 2.1 (Euler's criterion). Let p = 1 + kn be an odd prime, b an integer 
0 (modp).  Then: 
(i) b is a kth power residue (modp)  iff (b/p)k = 1; 
(ii) i f  b is not a kth power residue (modp) ,  then (b/p)k = ak, where ak is an integral kth 
root o f  unity (modp) ,  ct k ¢: 1. 
Let p = 1 + kn be an odd prime, ~" = e 2Jri/k and Dk = Z[~'], the ring of integers in the 
cyclotomic field Q(~'). 
DEFINITION. For a + b~" E Dk (k I> 3), define its relative norm N(a + b~) by N(a + 
b~) = (a + b~)(a + b~). 
LEMMA 2.2 ([1]). Let tr be a prime in Dk such that N(Tr) ~ k; let 3~ E Dk be such that 
rr Jf 3". Then there is an integer r, unique modulo k, such that 
DEFINITION. For zr a prime in Dk, N(~r)~ k and 3' e Dk,  
character of 3' mod lr ((3'/Tr)k) is defined by 
(3"/:r)k = 0 if 3' --= 0 (mod 7r), 
(3"/Tr)k = ~'r if 3' ~ 0 (mod 7r), 
where r is as in Lemma 2.2. 
the kth power residue 
PROPOSITION 2.3 (another version of Euler's criterion). Let 3' ~ 0 (mod :r) in D k. We 
have: 
(i) (T/n')k = 1 iff x k =-- 3' (mod 70 is solvable in Dk; 
(ii) (3"/n)~ -- ~r r = 1, 2 . . . . .  k - 1 as in Lemma 2.2, otherwise. 
PROPOSITION 2.4 ([1], Eisenstein's reciprocity law). I f  a ~ Dk is pr ime to k, 
a --- -1  (mod(1 - ~.2)), and a is a rational integerprime to k, then we have 
(~/a)k = (a/~)k. 
3. APPLICATION OF EULER'S CRITERION TO THE EXISTENCE OF SPLITTINGS 
In this section we assume that p - 1 (mod 3), p prime, and let g be a primitive root 
(modp) .  For a + bto ~ D3, to = e 2'~i'3, the relative norm N(a + bto) is N(a + bto) = 
(a + bto)(a + bto 2) = a 2 - ab + b 2. 
PROPOSITION 3.1. There are integers L, L --- 1 (mod 3) and M such that 
4p = L 2 + 27M 2. 
Moreover, L and M z are unique. 
PROOF. Since p --- 1 (mod 3), there exist integers a and b such that p = a 2 - ab + b 2. 
Hence 4p -- (2a - b) 2 + 3b 2, and (2a - b) 2 --- 1 (mod 3). Then L = 2a - b or - (2a  - b) 
and M 2 = (b/3) 2. This proves the proposition. [] 
PROPOSITION 3.2. 1, (L + 9M) / (L  - 9M) and (L - 9M) / (L  + 9M) are three distinct 
cube roots o f  unity (mod p). 
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PROOF, 
Ot2~ 
Note that L, M ~ 0 (modp) .  Let ot = (L + 9M) / (L  - 9M). Then 
L 2 + 18LM + 81M 2 18LM + 54M 2 
L 2 - 18LM + 81M 2-  -18LM + 54M 2 (modp)  
L+3M 
=-L  +3M (mod p), 
a3= ( L + 9M~( L + 3M ]= L 2 +12LM + 27M 2 
\ L -9M/ \ -L  + 3M/  -L  2 +12LM-  27M 2 
-- 1 (modp) .  
Thus, a 2-~ ot -~ = (L - 9M) / (L  + 9M) (modp) .  [] 
PROPOSITION 3.3 ([2]). 2 is a cubic residue of  p iff L is even; 3 is a cubic residue of  p 
iff M is a multiple of  3. 
PROPOSITION 3.4. L is odd and M z=- 1 (mod 3) iff 2 Ip-l)/3~ ot or t~ -I (modp)  and 
3 (p-l)/3-= a or ot -I (modp) .  
The proof is an immediate consequence of Proposition 3.3 and Euler's criterion 
(Theorem 2.1). 
Note that if 2 (p-~)/3 and 3 (p-1)/3 are congruent o the distinct cube roots of unity 
(modp) ,  a and a 2 (not necessarily in this order), then indnl, indg2 and indg3 are 
incongruent (mod 3). 
In the following, zr = ½(L + 3M)+ 3Mto, and Z,~ denotes the cubic power residue 
character mod 7r. Note that N(zr) = p. 
DEFINITION. For integers b and c with 0 ~< b, c ~< 2 and g a primitive root (mod p) so 
that Z,~(g)= to or to2, the cyclotomic number (b, c)3 of order 3 is defined to be the 
number of solutions (u, v) of ga,,+b + 1 ------ g3V+c (mod p) with 0 <~ u and v < (p - 1)/3. 
LEMMA 3.5 ([11]). Let g be as in the above definition. Then: 
2p -4 -  L +9M,  if Z,~(g) = to, 
18(0, 1)3 = 2p - 4 - L - 9M, if z.(g) = ,o2; 
18(0,2)3=~2p -4 -L -9M,  i fx,~(g)=to, 
t2p - 4 - L + 9M, if z , (g )  = to2. 
LEMMA 3.6 ([4, 9]). I f  g is as above, then we have: 
(1) i ndg2-1  (mod3)  iff(O, 1)3~1 (mod2);  
(2) indg3 - (0, 2)3 - (0, 1)3 (mod 3). 
LEMMA 3.7. I f2  is a cubic non-residue (modp) ,  then L - -  +M (mod4).  
PROOF. If 2 is a cubic non-residue (modp) ,  then L is odd (Proposition 3.3). Hence 
M is odd (since 4p = L 2 + 27M2), and the lemma follows. [] 
LEMMA 3.8. We have (L + 9M) / (L -  9M)-= to (mod n:) and (L -  9M) / (L  + 
9M) - to2 (mod x). 
PROOF. We will show that L + 9M - to(L - 9M) = 2(1 - to)zr. 
3M) + 3Mto, we have 
2(1 - to)zt = L + 3M + 6Mto - toL - 3Mto - 6Mto 2. 
Since rc = ½(L + 
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However, 1 + to + w 2 = 0, hence 2(1 - w) = L + 9M + 9Mw - wL, proving that (L + 
9M) / (L  - 9M) -= 6o (mod :r). Moreover,  [(L + 9M) / (L  - 9M)] - '  --- w -~ (mod zr), i.e. 
(L - 9M) / (L  + 9M) --- w 2 (mod Jr). [] 
LEMMA 3.9. Let g be a primitive root (modp) .  Then: 
(i) i f  indx2 (resp. indx3) - 1 (mod 3), we have 2 (p- 1)/3 (resp. 3 ~p-1)13) =_ Z,r(g) (mod zr); 
(ii) i f  ind,.2 (resp. indg3) -~2(mod3) ,  we have 2 (p-iv3 (resp. 3(p-W3)---[z#(g)]2 
(mod re). 
PROOF. We have 2 -= gi,,,l~2 (resp. 3 - gi,,d~3) (mod 7r). Hence 2 (p- t)/3 = gl(p- I)in,t~2i/3 
(resp. 3 (p ~)/3 =gl(p-l)i,,d~.3113) (mod n'). Then: 
(i) If ind,,2 (resp. indg3) ~ 1 (mod 3), we obtain 2 (p- I ) /3  (resp. 
3tt,-i)/3) =- g(p-lv3 (mod Jr). However,  g(p-i)13 = giN(#)- 11/3 -~Z,~(g) (mod It). 
(ii) If inde2 (resp. i ndx3) -~2(mod3) ,  we obtain 2 (p-l)/3 (resp. 3(P-I)/3)=-(gtp-I)/3) 2 
(mod :r) -= D(~r(g)] 2 (mod zr). [] 
PROPOSITION 3.10. Let p ~- 1 (mod 3) be such that 2 and 3 are cubic non-residues 
(modp) ,  let L and M be as h, Proposition 3.1, and let a = (L + 9M) / (L  - 9M). Then: 
(i) 2 (p-')/3~- a (modp)  i l L  =-M (rood4) ([3, 11]); 
(i i) 2 ( p- 1)/3 _= ~2 (mod p)  i f  L =- - M (mod 4); 
(iii) 3'P-')/3---a (modp) i fM =- -1  (mod 3)([11]):  
( iv )  3 (p -  I)/3 =-- 0,2 (mod p) if  M -= 1 (rood 3). 
PROOF. Let Jr = ~(L + 3M) + 3M¢o. (N(zr) =p) .  Without loss of generality, let g be 
a primitive root (modp)  such that Z,~(g) = oJ. The proofs of (i) and (iii) are treated in 
[11]. We prove (iv) and (ii) in that order. 
If M ~- 1 (mod 3) we have (0, 2)3 - (0, 1)3 ~ 2 (mod 3) and 3 (p-~)/3 ~- 092 (mod zr) by 
Lemmas 3.6 and 3.9. However,  since (L - 9M) / (L  + 9M) =- o92 (mod Jr), we obtain 
3(i, 1)/3_ a2 (modp) .  
Now consider (ii). Suppose that L~- -M (mod4):  we then have, by Lemma 3.5, 
18(0,  2)3 = 2p - 4 - L - 9M ~- 2p (mod 4), i.e. (0, 2)3 ~ 1 (mod 2). Hence indg2 =- 2 
(mod 3). From Lemma 3.9, we obtain 2 (r' ~)/3=_ w2 (mod :r). Then 2 (p-I)/3 ~ ot 2 (modp)  
as in the proof of (iv). [] 
PROPOSITION 3.11. I f  p--= 1 (mod3)  is such that 2 and 3 are cubic non-residues 
(modp) ,  and if  L=-+M (mod 12), then 2 (p- l ) /3  and 3 (p-l)/3 are congruent to the two 
non-trivial cube roots o f  unity. 
PRoof. We have L=-M(mod4) ,  M~- l (mod3) ,  L -= l (mod3)  equivalent to 
L~M(modl2)  and L -= l (mod3) ;  also L --= -M (mod 4), M=- l (mod3) ,  
L =- 1 (mod 3) equivalent o L = -M (mod 12) and L - 1 (mod 3). Hence the proposi- 
tion follows from Proposition 3.10. 
As a consequence we have the following: 
THEOREM 3.12. Let p be a prime o f  the form 3n + 1. Assume that 2 and 3 are cubic 
non-residues (modp)  and L =- +M (mod 12) (where 4p = L 2 + 27M 2, L ~ 1 (mod 3)). 
Then {1, 2, 3} splits C(p).  
The primes satisfying the conditions of Theorem 3.12 are those of the form 
p = 7M 2 +6MN + 36N 2 (L = M + 12N). 
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TABLE 1 
p n L M>O 
7 2 1 1 
37 12 -11 1 
139 46 -23 1 
163 54 25 1 
181 60 7 5 
241 80 -17 5 
313 104 -35 1 
337 112 -5  7 
349 116 37 1 
379 126 -29 5 
409 136 31 5 
421 140 19 7 
541 180 -29 7 
571 190 31 7 
607 202 49 1 
631 210 43 5 
751 250 -41 7 
859 286 13 11 
877 292 -59 1 
931 312 61 1 
By a result of H. Weber ([10]), any primitive quadratic form represents infinitely 
many primes. Hence {1, 2, 3} splits C(p) for infinitely many primes p. A proof of this 
fact using a theorem about prescribed values of characters is to be found in [7]. 
EXAMPLES. In Table 1 we list the primes p < 1000 satisfying the conditions of 
Theorem 3.12 together with n, L and M > 0. 
4. TILINGS BY CROSSES WITH ARM-LENGTH 3 
A (k, n)-cross is any translate of the 2kn + 1 unit cubes the centers of which are at 
the 2kn + 1 points (0, 0 . . . . .  0), (+j, 0 . . . . .  0 ) , . . . ,  (0, 0 . . . . .  +j), j = 1, 2 . . . . .  k. 
An abelian group of order 2kn + 1 is split by {+1, ±2 . . . . .  k} if it contains n 
elements gl, g2 . . . . .  gn such that G - {0} = {igj: i = +1 . . . . .  +k, 1 <~j <~n}. 
The following results are proved similarly to the case of semicrosses: 
(1) If {+1, 4-2 . . . . .  +k} splits an abelian group of order 2kn + 1, then we have an 
integer lattice tiling of n-space by the (k, n) cross. 
(2) Suppose that p =2kn +1 is a prime, that the numbers indgi(l<~i<~k) are 
incongruent (modk),  and that -1  is not a (2k)th power (modp)  (equivalently, 
indg(-1) ~0 (mod 2k)). Then {+1, +2 . . . . .  +k} splits C(p). 
(3) Let p be a prime of the form 6n + 1; assume that 2 and 3 are cubic non-residues 
(modp) and L = +M (mod 24). Then {+1, +2, +3} splits C(p). 
(4) {+1, 4-2, +3} splits C(p) for infinitely many primes p. (The primes satisfying the 
conditions of (3) are of the form 7M 2 4- 12MN + 144N 2 (L = M 4- 24N)). 
EXAMPLES. In Table 2 are represented the primes p < 1000 for which the conditions 
of (3) are satisfied. Also listed in the table are the corresponding values of n, L and 
M>O.  
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TABLE 2 
p n L M> 0 
7 1 1 1 
139 23 -23 1 
163 27 25 1 
379 63 -29 5 
571 95 31 7 
607 I01 49 1 
631 105 43 5 
751 125 -41 7 
859 143 13 11 
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